In this work, a mechanism for long time protection of entanglement of a two-qutrit Vtype atomic system each of which interacts independently with a dissipative reservoir is investigated. It is shown that the protection process is related exclusively on the formation of bound states in system-reservoir energy spectrum. It is demonstrated that the degree of boundedness for the system-reservoir bound states is well-controlled by entering other V-type qutrits into the reservoirs, and also through the manipulation of the spontaneously generated interference related to decay channels of the V-type atoms.
I. Introduction
Quantum entanglement is a fundamental concept in quantum mechanics, which has broad applications in various quantum information processing tasks such as quantum key distribution, quantum teleportation, quantum dense coding and quantum computation [1] . Since every natural physical quantum object is in contact with its surroundings environment, so a consequence of this resulting inevitable interaction is decoherence which leads to the destruction of entanglement. Therefore, researchers used several strategies to preserve entanglement for a long time limit to allow the performances of quantum computation and quantum communication. In this regard, it was shown that the evolution of a quantum system can be slowed down or even frozen by frequent repeated projective measurements during a defined period of time which is known as the quantum Zeno effect [2, 3, 4, 5] . Also, the other way for protecting the entanglement was performed by modulating the detuning between the qubits and the central frequency of an imperfect cavity [6, 7] . One of the interesting strategies for the protection of the long time limit of quantum entanglement was observed in [8] , where it was shown that the bipartite entanglement can be sustained by the addition of a third qubit. The extension of this scheme, by considering more additional qubits in the dissipative reservoir, was introduced in [9] .
On the other hand, entanglement protection between two multilevel atoms using addition of other multilevel atoms, as used for protection of two-qubit entanglement, has been not performed yet. Multilevel atomic systems have important applications in quantum key distribution [10] and in the increment of violation of the local realism [11] . Moreover, it was demonstrated that the quantum interference between possible transitions occurred in multilevel atomic systems can lead to many novel and interesting effects such as absorption reduction and cancellation [12, 13] and spontaneous emission reduction and cancellation [13] .
Based on the previous results, it was found that the formation of the system-environment bound states, as special eigenstates with eigenvalues residing in the band gap of the energy spectrum, significantly changes the dynamics of the few-level atoms. They indeed play an important role in exhibiting a fractional steady-state atomic population known as population trapping [14] as well as entanglement protection [15] .
In this paper, we are interested to investigate the protection of entanglement between two distant V-type three-level atoms considered as qutrits, each of which is contained independently in a dissipative reservoirs, in the presence of other N − 1 similar V-type atoms. We demonstrate that the initial two-qutrit entanglement can be well-protected exclusively by improving the degree of boundedness of the system-reservoir bound states. On the other hand, we show that the degree of boundedness for the system-reservoir bound states can be well-controlled by two manner successfully. First, by entering the other similar V-type atoms into the reservoirs and second, through the manipulation of the spontaneously generated interference (SGI) of decay channels of the V-type atoms.
The work is organized as follows: In Sec. II, we obtained the dynamics of a single-qutrit V-type open system in the presence of other similar qutrits analytically. Sec. III is devoted to deriving the condition for the formation of bound states in the energy spectrum of the system-reservoir or total system. In Sec. IV, controlling the entanglement dynamics between two distant V-type qutrits for protection of it from dissipation is analyzed, by considering that each atom is contained independently in a dissipative reservoir. And finally, the paper is ended with a brief conclusion in Sec. V.
II. Dynamics of a single-qutrit V-type open system in the presence of other qutrits
In this section, we study the dynamics of a single-qutrit V-type atom as our open system in the presence of other additional V-type systems where all of them are coupled to a common zero-temperature thermal reservoir, as depicted in Fig. 1(a) . Each atom has two excited states |A and |B which can spontaneously decay into ground state |C with transition frequencies ω A and ω B respectively. It should be noted that the respective dipole moments of transitions may have interaction with each other. The Hamiltonian for the system can be written as H = H 0 + H I , where the free Hamiltonian H 0 is given by ( = 1)
and the interaction Hamiltonian H I is
In Eqs. (1) and (2) 
where H int (t) = e iH 0 t H I e −iH 0 t is given by
It is supposed that the initial state of the total system is as
Since the number of excitations in total system is conserved then the time-evolved state |ψ(t) can be written as
Here, we note that |0 S = |C ⊗N , which means that all of the atoms are in the ground state and also, |A l S (|B l S ) represents that all of the atoms are in the ground state except the l th atom which is in the corresponding excited state A (B). Moreover, we denote |0 E being the vacuum state of the reservoir and |1 k E is the state which has only one excitation in the k th mode. It is clear that H int (t)|0 S ⊗ |0 E = 0 then ζ 0 (t) = ζ 0 (0) = ζ 0 . Substituting Eqs. (4) and (6) into Eq. (3), gives the following differential equationṡ
By integrating from the last part of Eq. (7) and substituting it into the remainder ones, we obtain the following set of closed integro-differential equations
The kernels in Eq. (8) is related to the spectral density J(ω) of the reservoir as
We take a Lorentzian spectral density of the reservoir as
where λ is the spectral width of the coupling and ω 0 is the central frequency of the structured reservoir. Also, γ mm = γ m are the relaxation rates of the two upper excited states and γ mn = √ γ m γ n θ with m = n and θ ≤ 1, is responsible for the SGI between the two decay channels |A → |C and |B → |C for each atom. The parameter θ depends on the angle between two dipole moments of the mentioned transitions where θ = 0 means that the dipole moments of the transitions are perpendicular to each other, which is corresponding to the case that there is no SGI between two decay channels. On the other hand, θ = 1 indicates that the two dipole moments are parallel, which is corresponding to the strongest SGI between two decay channels. Taking the Laplace transform from both sides of Eq. (8) gives the following set of equations
where ζ 
So by considering these equalities, Eq. (11) takes the following form
In this paper, we consider the case in which the two upper atomic states are degenerated and the atomic transitions are in resonant with the central frequency of the reservoir, i.e ω A = ω B = ω 0 . Under this consideration, we can assume that γ A = γ B = γ 0 and γ AB = γ BA = γ 0 θ, so the kernels in Eq. (9) takes a simple form as
where J ′ (ω) = θJ(ω). To solve Eq. (13), we define the new coefficients ζ
, and rewrite Eq. (13) as
and therefore it yields
where G ± (t) = e −λt/2 cosh(
) and
III. System-reservoir bound states
To find the energy spectrum of the total system discussed in the previous section, we solve the following eigenvalue equation
where H(t) = e iH 0 t He −iH 0 t = H 0 + H int (t) is the Hamiltonian of the total system in the interaction picture and |ψ(t) is given by Eq. (6). Since H(t)|0 S ⊗ |0 E = 0, so the above eigenvalue equation imposes that ζ 0 (t) = 0 and also the following set of 2N + 1 equations can be obtained
Obtaining ν k (t) from the first equation and substituting it into the rest ones gives
Consequently, by eliminating the amplitudes, these equations can be combined in a compact form as
It is obvious that the solution of Eq. (20) highly depends on the particular choice of the spectral density J(ω) of the reservoir, the number of atoms N and the SGI parameter θ.
The existence of a bound state in the spectrum of Eq. (17) requires that Eq. (20) must have at least a real solution in the negative energy range, i.e. E < 0. On the other hand, it has only complex solutions when a bound state is not formed and the corresponding eigenstate experiences decay from the imaginary part of the eigenvalue during the time evolution, so the excited-state population approaches to zero asymptotically. However, when a bound state is formed the population of the atomic excited state is constant in time because it has a vanishing decay rate during the time evolution. Therefore, in the next section, we demonstrate the constructive role of the system-reservoir bound states on the twoqutrit entanglement protection through additional qutrits and the SGI parameter without manipulating the spectral density of the reservoirs.
IV. Two-qutrit entanglement protection
In this section, we consider two V-type atoms each of which is embedded in independent reservoirs along with N − 1 additional atoms, as depicted in Fig. 1(b) . Before obtaining the dynamics of the two-qutrit V-type system, it is very instructive to rewrite the dynamics of the single-qutrit described in Sec. II, in terms of the well-known Krauss representation. To this aim, the first qutrit (l = 1) is considered as our main concern of single-qutrit system and the N −1 remainder ones are considered as the additional qutrits. As a result, by considering ζ A l (0) = ζ B l (0) = 0 with l = 1, the probability amplitudes ζ A 1 (t) and ζ B 1 (t) take the following simple form ζ
where
It should be noted that, in the limit N → ∞, we have G 1 → 1 and G 2 → 0 and therefore ζ
, which means that the initial condition is preserved as the number of qutrits becomes large. Using Eq. (6), the explicit form of the reduced density operator of the 1 th atom in the basis {|A , |B , |C }, can be obtained by tracing over the reservoir and the other atoms as follows
Therefore, ̺ 1 (t) can be written in terms of the Kraus representation as
, where I 3 is identity operator on the Hilbert space of a three-level system and
are the related Kraus operators. Now, we can easily extend the above method for dynamics of a system consists of two identical V-type atoms each of which independently interact with a reservoir. Let's ρ S (0) be defined as a density matrix of a two-qutrit system on the 3 ⊗ 3 Hilbert space. So in this way, its time development at time t becomes
We suppose that the two-qutrit system is initially prepared in a maximally entangled state as |ψ 0 = 1 √ 3
(|00 + |11 + |22 ). Therefore, the time evolved twoqutrit system can be obtained by using Eq. (26) . In what follows, we use the negativity as a suitable measure to quantify the amount of entanglement of the two-qutrit V-type system defined as [16] 
where ρ T S 1 is the partial transpose with respect to the subsystem 1 and . denotes the trace norm. Equivalently, the negativity is the absolute value of sum of the negative eigenvalues of the partially transposed density matrix.
The time evolution of the negativity for the two-qutrit V-type system has been shown in Figs. 2(a) and 2(b) . Surprisingly, it is observed different behaviors for the entanglement of the system in terms of the parameter θ. For example, in the absence of additional qutrit (N = 1), the entanglement eventually decays to zero for a weak SGI (θ = 0.5) while for a strong SGI (θ = 1), it approaches asymptotically to a non-zero steady value. This indeed returns to the fact that the system-reservoir bound states for θ = 1 is stronger than the case of θ = 0.5, as shown in Figs. 2(c) and 2(d) .
On the other hand, by entering the additional qutrits into the reservoir, the systemreservoir bound states become stronger in general, however, they are more considerable for θ = 1. By this reason, the two-qutrit entanglement is well-protected as the number of additional qutrits grows for θ = 1 (strong SGI) in comparison to the case θ = 0.5 (weak SGI).
Figs. 3(a), 3(b), 3(c) and 3(d) show the protection process of the entanglement in terms of the parameters γ 0 and θ in the absence and presence of additional qutrits. All of these observations returns to the fact that the existence of system-reservoir bound state with higher degree of boundedness ensures the better protection of entanglement from dissipative noises.
V. Conclusion
In summary, we investigated the protection of two-qutrit entanglement between two Vtype atoms each of which is contained independently in a dissipative reservoir. It was demonstrated that the protection process is related decisively into the formation of the system-reservoir bound states. In other words, existence of stronger system-reservoir bound state leads to the better protection of two-qutrit entanglement. It was shown that the degree of boundedness of the system-reservoir bound states is well-controlled by entering the additional qutrits into the reservoirs, and also through the manipulation of SGI of decay channels of the V-type atoms. 
